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ABSTRACT: We consider polyelectrolyte solutions which, under suitable
conditions, phase separate into a liquid-like coacervate phase and a coexisting
supernatant phase that exhibit an extremely low interfacial tension. Such
interfacial tension provides the basis for most coacervate-based applications,
but little is known about it, including its dependence on molecular weight,
charge density, and salt concentration. By combining a Debye—Hiickel
treatment for electrostatic interactions with the Cahn—Hilliard theory, we
derive explicit expressions for this interfacial tension. In the absence of added
salts, we find that the interfacial tension scales as N=/2(y/n.—1)%>
critical point of the demixing transition, and that it scales as 7"/* far away from
it, where N is the chain length and # measures the electrostatic interaction
strength as a function of temperature, dielectric constant, and charge density
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of the polyelectrolytes. For the case with added salts, we find that the interfacial tension scales with the salt concentration y as
N~V4(1—y/y.)*? near the critical salt concentration y.. Our predictions are shown to be in quantitative agreement with
experiments and provide a means to design new materials based on polyelectrolyte complexation.

lectrostatic interactions often give rise to the formation of

solid, lyophilic aggregates in polyelectrolyte solutions."
However, much less is known about the formation of liquid-like
complexes, generally referred to as complex coacervates (Figure
1).'7 In contrast to lyophobic aggregates,' coacervates retain
large amounts of water, giving rise to an extremely low
interfacial tension between the coacervate phase and the
coexisting supernatant phase. The interfacial tension of a
coacervate can be nearly 1000 times lower than that of water.
This property underlies many of the potential applications of

supernatant . ©
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Figure 1. (Left) Schematic representation of the coexistence of a
coacervate phase and a supernatant phase. Blue and red molecules
represent polycations and polyanions, respectively. Dissolved salt ions
are also shown explicitly. (Right) Schematic representation of free
energy curves in the one-phase (17 < #.) and two-phase regimes (17 >
11.), where the parameter 5 measures the strength of electrostatic
interactions.
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coacervates, such as encapsulation for drug delivery or the
formulation of underwater adhesives,' and makes complex
coacervates an ideal model system for studies of biomolecular
aggregation.3 Ultralow interfacial tensions have been meas-
ured™ and, recently, have also been examined using field-
theoretic calculations.’® These works indicate that in “water +
polyelectrolyte + salt” ternary systems, the interfacial tension
varies with the 3/2 power of the undersaturation of the salt
concentration v, according to (1 — y/w.)¥? where y, is the
critical salt concentration.

The observed 3/2 exponent was originally rationalized by
“wrapping” the electrostatic interactions into a concentration
dependent y parameter.”” The rationale for this mapping and
the corresponding underlying assumptions, however, remains
unclear. The aim of this work is to derive analytical expressions
for the interfacial tension as a function of polyelectrolyte
molecular weight and concentration, thereby facilitating the
design of coacervate phases with known properties. To that
end, we combine the Voorn—Overbeek model® with the
Cahn—Hilliard theory’ and, through a series of asymptotic
expansions, arrive at the sought-after expressions for the
interfacial tension in both the near-critical and strong
segregation regimes. For solutions with added salts, we derive
scaling laws for the interfacial tension in the critical regime, and
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explain the 3/2 exponent reported in earlier laboratory and
numerical experiments.

While the Voorn—Overbeek model regresents a minimal
description of polyelectrolyte coacervation,” it has been shown
to capture nearly all qualitative features of the experimentally
observed phase behavior of coacervates,' including the effect of
chain length and charge density. In essence, it expresses the
mixing free energy of polyelectrolyte solutions as the sum of an
ideal gas mixing entropy and a Debye—Hiickel correlation for
the electrostatic free energy.'”'' In view of its simplicity and
wide-range of applicability, we rely on this model for
polyelectrolyte solution with salts. For convenience, we focus
on symmetric solutions; that is, the volume fractions of
polycations and polyanions are equal and denoted by ¢/2. The
volume fractions of cations and anions are also equal and
denoted by /2. Polycations and polyanions have the same
molecular weight and valence (Z), and the cations and anions
have unit valence. To apply the Voorn—Overbeek (VO) model,
we map the system onto a lattice, with the lattice site volume
chosen to represent the volume of a water molecule v. The free
energy per lattice site in units of kgT can be written as

f= % In(¢/2) +y In(y/2) + (1 =y — ) (1 — y

- ) — alop + y)*"? (1)

Here N is the effective chain length, defined as the ratio of
polymer volume to the reference volume, V,/v. For simplicity,
we assume that the ionic volume is also equal to v. The last
term in eq 1 is the Debye—Hiickel correlation free energy. The
interaction strength a is defined as (162%/3)(13/v)"* x (15)*?,
where Iy ¢*/(4neyekyT) is the Bjerrum length. The
parameter 6 = Z/N is the charge density of the polymers.
For typical coacervate-forming polyelectrolytes, the charge
density is less than 0.3 (e.g., ref S). For aqueous solutions at
room temperature, @ = 3.65S.

The parameters ¢, y, @, 0, and N fully specify the model.
Within the VO model, the Debye—Hiickel electrostatic term
scales with the 3/2 power of the charge density. This may be
understood as ky T per Debye volume, since the Debye length is
proportional to the —1/2 power of the charge density times .
The sign is negative, since bringing charged species together to
form a neutral system always lowers the energy.'” The
predicted binodal curves for different N values as a function
of ¢, y, and o at room temperature are shown in Figure 2a and
b (salt-free and with added salts, respectively). The coacervate
phase appears in the region above the binodal curve in Figure
2a and below the binodal curve in Figure 2b.

Past literature studies have generally assumed that salt is
evenly distributed between the two coexisting phases' (despite
the asymmetry in salt concentration noted in the original
Voorn—Overbeek treatment®). A comparison of the binodal
curves obtained using this equal-salt approximation (red) and
without it (blue) is shown in Figure 2c for N = 100 and ¢ =
0.24. The straight lines are tie lines connecting the coexistence
phases. These calculations serve to demonstrate that salt is not
evenly distributed, and that the approximation of even-salt
distribution results in a much narrower binodal window. On the
other hand, the dependence of the binodal curves on chain
length predicted by the approximate theory is similar to that of
the full theory, as shown in Figure 2b. In both cases, in the limit
of N = 00, a maximum salt concentration ,, exists, which
increases with charge density o, as shown in Figure 2d. In the
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Figure 2. (a) Binodal curves for different values of N in the 6 — ¢
domain. Solid curves: from top to bottom, N = 100, 200, and 400 (& =
3.655). Dashed curve: binodal curve for N = co. (b) Binodal curves at
different N values in the y — ¢ domain. Solid curves: from bottom to
top, N = 200, 600, 1000, 1400, 1800. Dashed curve: binodal curve for
N = oo. (c) Binodal curves obtained by using the equal-salt
approximation (red) and by balancing the chemical potential of
both salts and polymers (blue) at o = 0.24 for N = 100. Straight
dashed lines correspond to tie lines. (d) Charge density dependence of
the maximum salt fraction (N = 00) (i) assuming even salt distribution
(dashed) and (ii) calculating salt content by enforcing equal chemical
potentials in each phase (solid). Inset: slope of tie lines at the critical
point for N = oo from the full theory.

inset of the figure, the limiting slope of the tie line at the critical
point is also plotted for the full theory (the slope is always zero
for the approximate theory). These results show that the
approximate theory is only good for small ¢ values, and
becomes inappropriate for o greater than 0.15. Furthermore,
the approximate theory predicts that the maximum salt
concentration y;, increases indefinitely with the charge density
0, whereas the full theory predicts that yr, is bounded. This
originates from the competition between coacervation and ion
precipitation in the ion-rich portion of the phase triangle for ¢
> 0.27 (a = 3.655), which cannot be accounted for in the
approximate theory.

Our primary aim is to determine the interfacial tension
between the coacervate (bottom) and supernatant (top)
phases, shown schematically in Figure 1. We first focus on
the binary system in the absence of added salts (y = 0). For this
system, it is useful to introduce an auxiliary interaction strength
n = ac®”?, since the Debye—Hiickel free energy term reduces to
the form —ac>2¢p*%. As shown in Figure 2a, binodal curves for
different N values exhibit a critical point, which decreases with
increasing N. The branches to the left and right of the critical
point represent the supernatant phase and the coacervate
phase, respectively. The dashed line is the limiting result for N
= 00, in which case the supernatant phase is completely
depleted of polymers.

The VO model predicts that the coacervate phase forms
when the polymer charge density exceeds a critical value o, at a
critical concentration ¢, which can be calculated by requiring
that the second and third derivatives of the free energy vanish,
that is, f2(¢) = ((*)/(3¢)), = 0 and f(¢) = ((0%)/
(0¢*)), = 0. Both ¢ and #, can be explicitly expressed in terms
of N. For large N, we find

¢ ~N', n ~8/(3N'?) @)
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In the limit of large molecules, the scaling result ¢, ~ N~'
implies that the polymer concentration in the coacervate phase
near the critical point is extremely low. The result for 7, implies
that 6, ~ N~ the critical charge density decreases with
increasing chain length.

In the regime near the critical point, for 7 > 7, the free
energy exhibits two minima (Figure 1). We therefore expand it
as a power series of the form

@ ®)
=B gy gy
1) .
e @) 3)

where the irrelevant constant and linear terms have been
omitted. The expansion point ¢, is chosen such that the third
derivative %) vanishes, so that the free energy contains only
even powers of ¢p — ¢h,. Near the critical point, the behavior of
f® = 0 is dominated by —1/(N¢p*) + 3n¢~>'*/8 = 0. The
solution is

¢, = 64/(3Nn)’ )
which is of order N7!, the same as ¢, since 7 is of order N~/2,
The second and fourth derivatives exhibit the following
asymptotic behavior:

(g = —2(n/n, = 1) )

F9(p) = N2 ©)
To derive these, we replace the multiplicative # with #. since 1
~ 7. near the critical point, and we use eq 2.

The above free energy expansion is appropriate for a
homogeneous system. To describe an interface, we need to
introduce an additional term capable of describing density
inhomogeneities. Following de Gennes, we use the random
phase approximation'*'> to obtain the coefficient for the
squared density gradient term, and write the free energy per

unit area across the interface as

Here the local free energy density f(¢)) is given by eq 3. The
coordinate z is normal to the interface. The density field ¢ =
¢(z) varies slowly across the interface. The width of the
interface is controlled by the parameter a* = 6b*/((2v + 1)(2v
+ 2)N'"*) (see Supporting Information), where b is the
statistical segment length of the polycation (and polyanion) in
solution, and v is the swelling exponent that characterizes
solvent quality (v = 1/2 and 0.588 for ideal and good solutions,
respectively). In this work, we focus on ideal solutions with v =
1/2 (see ref 16 for evidence of v = 1/2 from scattering results),
and use a* = b”. Near the critical point, the density variation is
small, so the ¢ terms in the square gradient term can be
replaced with ¢. The actual density profile is chosen to
minimize the interfacial free energy and is a hyperbolic tangent
function. Following Cahn and Hilliard (eq 2.22 in ref 9), we
find the following expression for the interfacial tension

Flp)] = BT de(f(¢)+
v e ”)
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5 1/2
, = 162 (a_] (—f(z)(¢o))3/2

g\ 362
(3242 keTa\(/n — 1)
- 3 v N3/2 (8)

Here T, is the critical temperature corresponding to 7. This
result shows how the interfacial tension vanishes as the critical
point is approached, by varying either the charge density or
temperature, and shows the dependence on N. The
corresponding results for the strong segregation limit (1 >
n.), ¥ & n'%, are given in the Supporting Information.

‘We now turn to the ternary system with added salts. Binodal
curves are shown in Figure 2b for various values of N for ¢ =
0.24, obtained by equating the chemical potentials of both
polymers and salts. For each curve, the critical point lies to the
left side of the maximum, indicating that the salt content in the
coacervate phase (right branch) is higher than that in the
supernatant phase (left branch), consistent with earlier
arguments by Voorn and Overbeek.® As chain length increases,
the width of the binodal curve expands and reaches a finite limit
given by the dashed line at N = co. The location of the critical
point is also shifted to the upper left corner, approaching the
limit ¢ = 0 and y;, = 0.058 at room temperature, which
indicates the existence of a maximum in the amount of salt that
can be added to the system (see Figure 2b—d).

To examine the interfacial tension in the weak segregation
regime, we first find the most unstable composition fluctuation
mode characterized by a vector e, then identify the associated
critical point (see Supporting Information for details). For
finite, yet large N, the critical point deviates from the value at N
= oo by corrections of order N™2, and the symmetric
composition ¢, is of order N~/2, Therefore, we have

_ o 0(1) o(1)
¢c_ NI/Z’ c ™ Pm NI/Z’ e

and ¢, =~ ©)
For y < y,, the free energy along the direction parallel to the
unstable mode e can be expanded around ¢, as f(¢w) =
Anin( Do) 9?2 + wy(Poo)p*/4), where ¢ = (¢ — doyw —
Wo)-e is the deviation from the symmetric point along the tie
line, which is parallel to e (see Supporting Information for
expression to A, and u,). By expanding .., (¢o(wo) Wo) at w =
. to linear order in y, — , and noticing that u, is dominated
by the term 1/(Ng?), we get the free energy coefficients

Fmin = =(1 = /) and uy = N'? (10)

Here we have used l//mz()(l) and have ignored all

multiplicative factors of order 1. The asymptotic result for
Amin implies that the correlation length for composition
fluctuations diverges with the salt concentration as
(=Amin) ™% = (1 = wo/w)™"% By using the Cahn—Hilliard
result, we get the interfacial tension

(kTa) (= g/
- N4

(=)

uhy > (11)

It vanishes with the 3/2 power of the salt concentration
difference. As shown in Figure 3, this expression is in
quantitative agreement with recent experimental4’5 measure-
ments and results from field-theoretic numerical simulations.’
The ultrasmall y value may be partially accounted for by the
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Figure 3. Test of the 3/2 scaling for the interfacial tension near the
critical salt concentration. The solid line shows the theoretical
prediction: y/7, = (1 — w/y,)*% Symbols correspond to experimental
data and results from numerical simulations; y, and y, are fitting
parameters. Circles: ref 5; y, = 1.2 mJ/m? and w, = 1000 mM.
Diamonds: ref 4; 7, = 0.6 mJ/m? and y, = 1250 mM. Squares: ref 6; ¥,
= 1.2 and . = 110 (both quantities are nondimensionalized in the

original figure; y in kBT/Rg and y_ in 1 /Rg)

prefactor N™'/*, We further note that by applying the Cahn—
Hilliard analysis to the approximate theory, which assumes
equal salt concentration between the coacervate and dilute
phases, it can be shown that near the critical point the
interfacial tension exhibits the same scaling behavior as the full
theory.

The interfacial tension of the coacervate phase derived here,
for both binary and ternary solutions, relies on the Voorn—
Overbeek model and the Cahn—Hilliard theory. Given that a
simple Debye—Hiickel treatment of the correlation free energy
is assumed, the results are applicable for dilute electrolyte
solutions. The random phase approximation used for the
interfacial free energy may be justified by the ultra-low
interfacial tension, which leads to a diffuse interface. Chain
connectivity and more subtle effects, such as charge
regulation17 and counterion condensation,’® are not included
in this first attempt to derive closed—form equations for the
interfacial tension. While the agreement with experiment
reported here is quantitative, one could adopt more elaborate
approaches'® ™ to examine the effect of various assumptions
on the predicted interfacial tension; such directions will be
pursued in future work. Note, however, that the key result of
this Letter, one that is unlikely to be altered by additional
theoretical refinements, is that the scaling exponent for the
interfacial tension near the critical point is the classical Cahn—
Hilliard value 3/2, which implies that coacervation belongs to
the Ising universality class (extremely close to the critical point
this value is expected to be replaced by 1.26, the exponent
dominated by fluctuation effects; Ch. 9, ref 23). It can be shown
that the dependence of the interfacial tension on salt
concentration is generally correct as long as the free energy
can be written as the summation of an ideal gas mixing entropy
and a cohesive free energy that accounts for the electrostatic
attractions. Finally, we point out that polyelectrolyte
coacervation in the presence of salts is analogous to the
behavior of neutral polymers in their poor solutions, with the
difference that salt concentration plays the role of temperature.
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(1) Discussion of squared density gradient term; (2) Derivation
of interfacial tension near the strong segregation limit; (3)
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Critical point in the ternary system. This material is available
free of charge via the Internet at http://pubs.acs.org.
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